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This paper gives the resul ts  of investigations of hydrodynamics and heat t ransfer  with 
the laminar  flow of a liquid in inclined layers ,  closed at the ends, as well as in layers  
of liquid with a jumpwise change in the tempera ture  of the hea t - t r ans fe r  surface ,  
under conditions of f ree  convection. 

Investigations of the hydrodynamics and of the stability of the flow of a liquid in inclined layers  with 
a longitudinal dimension H and a width l, closed at the ends, under thermal-conduct ivi ty  conditions, a re  
presented in [1, 2]. Values of the hea t - t rans fe r  coefficients,  with different angles of inclination unstably 
strat if ied over  the thickness of the layer ,  have been found experimental ly [3]. Lykov et al. [4] present  in- 
vest igations of heat t r ans fe r  at small  Rayleigh numbers  R, with complex boundary conditions. 

It is well known at the present  time [5-7] that a transit ion f rom thermal-conduct ivi ty  conditions, under 
which the ver t ica l  t empera ture  gradient/~ in the mean ver t ical  c ross  section is equal to 0, to boundary-  
l ayer  conditions, where fi # 0, does not mean the appearance of the instability of laminar  flow. With finite 
dimensions of the relat ive height of the layer  h = H / l  and fl # 0, with an increase  in the R number there  is 
a continuous change in the velocity and temperature  profi les,  which, at determined values of R, h, and of 
the Prandtl  numbers ,  lose their  stability in a hydrodynamic sense.  In inclined layers  of liquid with unstable 
strat if icat ion over the thickness of the layer ,  the flow picture is more  complex. The present  ar t icle  is 
devoted to an experimental  investigation of the temperature  and velocity profiles under boundary- layer  con-  
ditions {flr 0) in inclined layers  of liquid with stable stratif ication, when the tempera ture  of the upper heat-  
t r ans fe r  surface,  tl, is g r ea t e r  than the temperature  of the lower surface,  t2, as well as to an investigation 
of the hydrodynamics of the flow with a jumpwise change in the tempera ture  of the bea t - t rans fe r  surfaces .  

Let us consider  the problem of the flow of a liquid in thin l ayers ,  h>> 1, inclined at an angle ~ with 
respec t  to the ver t ica l ,  with f l r  0 and with a constant tempera ture  of the hea t - t r ans fe r  surface.  In a c ross  
section with a longitudinal coordinate z = 0.5h, and in the neighborhood of a point with a dimensionless co-  
ordinate x, normal  to the hea t - t rans fe r  surfaces  and equal to 0.5, by virtue of symmet ry  the horizontal 
component of the velocity v = 0 ,  and the derivative with respec t  to the ver t ical  component O w / O z  = O. 

In this case ,  we have the following sys tem of equations: 

0t, _ p ' h  O~w ROsins B ~ ,  ~" 00 0~0 ROcosa = B - ~ z  Ox~ ' = - -  e '~ 'w-~z  = g~z~' 

B -- gl3 (1) 
a~t 

Here 0 is the dimensionless temperature;  p is the p ressure ;  g is the accelera t ion due to gravity;  a 
is the coefficient of thermal  diffusivity, and v is the coefficient of kinematic viscosi ty .  As units of length, 
t empera ture ,  p re s su re ,  and velocity we adopt the following quantities: 

l, tl - -  t2, Pog/, (a'v)'/,/ l 
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Under  s t e a d y - s t a t e  cond i t ions ,  Eq. (1) mus t  sa t i s fy  the boundary  
condi t ions  w = 0 ,  0 =1 at  x = 0 ;  w = 0 ,  0 =0 at  x = l ,  a n d w = 0  at  x=0.5 .  

F r o m  the s y s t e m  of equa t ions  (1) it fol lows that /7 = c o n s t  and 

(D 4 + 4m~)w = 0 (2) 

w h e r e  

D = O/Ox, 4 m  4 = ~R  cos a 

A so lu t ion  o f  Eq. (2) in the a pp r ox i ma t e  theory  of the boundary  
l a y e r  [7] can  be ob ta ined  in the fol lowing f o r m:  

R COS 0~ 
W =  4p,l~rn~(/.,__t ) l / l c o s m x s h m x  + f 2 e x p m x s i n m x  + e x p ( - - m x ) s i n m z ] ( 3 )  

0 = t - -  tx=o, 5 = _ ~ if2 sm mx ch r e x -  Is exp mx  cos mx  ~- exp (--  rex) cos rex] 
t l  - -  t x ~ o .  5 

w h e r e  (4) 

]1  = - -  ' /2  sin 1/2 m exp '/2 m -4- s i n  1/~ m exp (-- 1/2 m) 
cos 1/2 msh 1/2 ra 

]2 ~ exp (-- t/2 m) sin 1/~ ~n cos m sh m -- exp (-- m) sin m cos 1/s msh 1/_. m 
exp m sin m cos 1/2 m sh I/2 m -- exp 1/2 m sin 1/2 m cos m sh m 

The p r o b l e m  c o n s i s t s  in the e x p e r i m e n t a l  v e r i f i c a t i o n  of the so lu t ions  ob ta ined  (3) and (4), as wel l  
as  in d e t e r m i n i n g  the condi t ions  R, P,  h, c~ unde r  which  fi = c ons t .  

The e x p e r i m e n t a l  un i t  c o n s i s t s  of two f la t  heat  e x c h a n g e r s ,  having  d i f f e ren t  su r f a c e  t e m p e r a t u r e s  

(h > h). 
The heat exchangers are made of copper and have the dimensions 25• 55 • 395 mm 3. A constant value 

of the t e m p e r a t u r e s  of the h e a t - t r a n s f e r  s u r f a c e s  was  e n s u r e d  by c i r c u l a t i o n  of t h e r m o s t a t t e d  w a t e r  in 
the cav i t i e s  of the heat  e x c h a n g e r .  The t e m p e r a t u r e  of the h e a t - t r a n s f e r  s u r f a c e s  was  m e a s u r e d  u s ing  a 
N i c h r o m e - c o n s t a n t a n  t h e r m o c o u p l e  wi th  a d i a m e t e r  of 0.2 ram.  The t h e r m o c o u p l e s  w e r e  drawn th rough  
openings  wi th  a d i a m e t e r  of 1.5, a r r a n g e d  along the  h e a t - t r a n s f e r  su r f a c e  at  a d i s t ance  of 0.5 m m  apa r t ,  
and then,  th rough  openings  0.5 m m  in d i a m e t e r ,  w e r e  cau lked  into the s u r f a c e .  

The emf  of the t h e r m o c o u p l e s  was  m e a s u r e d  u s i ng  a R-306 l o w - o h m i c  d i r e c t - c u r r e n t  p o t e n t i o m e t e r  
in con junc t ion  wi th  an M-195 /1  g a l v a n o m e t e r .  The t e m p e r a t u r e  g r a d i e n t  a t  the h e a t - t r a n s f e r  su r f ace  was 
neg l ig ib ly  s m a l l .  

The p la tes  w e r e  p l aced  in a c o n t a i n e r  wi th  a t r a n s p a r e n t  f ron t  wal l .  Tha t  the h e a t - t r a n s f e r  s u r f a c e s  
w e r e  p a r a l l e l  was  e n s u r e d  by a f r a m e ,  c a l i b r a t e d  for  t h i c k n e s s ,  which  was  i n s t a l l e d  be tween them.  The 
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experimental  volume was bounded by the hea t - t rans fe r  sur faces ,  the cal ibrated f rame made of Plexiglas,  
and the glass  wall of the container.  The container with the heat exchangers was installed in a devicewhieh 
permit ted changing the angle of inclination of  the  layer  with respec t  to the ver t ica l .  A positive angle of  
inclination was taken as one when the heating was effected f rom the top. The working liquids were  water ,  
96% ethyl alcohol, and 97~ glycerin.  

The lower limit of the validity of the solutions (3) and (4) can be determined f rom the change in the 
value offl with different values of R, el. The Rayleigh number at which fl--~ 0 will be the l imit  of the validity 
o f the solutions (3), (4). 

The temperature  in the inclined layers  of liquid was measured  using a coppe r - eons t an t an  t emper -  
ature probe, made of thermocouple leads with a diameter  of 0.06 mm. The thermoeouple was led upward 
through the layer  near the ver t ical  face through a capil lary with a diameter  of 0.2 ram, then, to a distance 
of 12 mm into thedepths  of the layer  along a capil lary with a d iameter  of 0.5 mm; then, at a depth of 15 
ram, the free end of the thermocouple was attached. 

The thermocouple probe was introduced into the upper face of the layer  through an opening in the ca l -  
ibrated f rame,  and was led along the la tera l  face of the layer .  The construct ion of the probe permit ted de- 
termining the tempera ture  at any given point of one ver t ical  c ross  section. The coordinates of the position 
of the thermoeouple were determined using a microscope  with a fivefold magnification. The tempera tures  
were measured  at different t r ansve r se  c ross  sections over the height of the layer ,  for a given Rayleigh 
number,  and for  a given angle of inclination, a .  The measured  tempera ture  field in the layer  was used to 
const ruct  the dependence ~ =f~z) for the c ros s  section x=0 .5 .  

Figure l a  gives the dependences 0 =f(z) in the c ross  section x =0.5, for different angle of inclination 
of a layer  of ethyl alcohol. Points 1 were obtained in a layer  wi th~  =30 ~ R=5.25 �9 104, l =5.9 mm, h=37.5,  
and points 2 in a layer  with ~ =70 ~ 1~ =3.1 �9 105, l =8.2 ram, h=19.5.  

As is evident f rom Fig. la ,  there is a constant tempera ture  gradient over  the height in the central  
par t  of the layer ,  at different angles of inclination. 

Figure lb  gives experimental  values of the tempera ture  gradients  over the height of the l ayer  in the 
c ross  section x =0.5, at different angles of inclination, dimensions of the layer ,  and P and R numbers .  Ethyl 
alcohol, P=14 ,  is represented  by the points 1) ol = 30 ~ h=37.5;  2) ~ =50 ~ h=19.4;  3) ~ =70 ~ h=10-35;  4) 

=0, h = l S -  55. Water,  with P = 6 ,  is represen ted  by the experimental  points: 5) ~ =70 ~ h=37.5;  6) a =0, 
h=8-38 .  Points 7 denote experimental  data for paraffin with P=105, ~ =0 [6]. Glycerin,  P=103, ~ =60 ~ 
h=13-17,  corresponds  to point 8. 

It follows f rom Fig. lb that, at P = 14-103, the l imit of thermal  conductivity conditions {fl = 0) does not 
depend on the angle of inclination and cor responds  to the value R=1.3-1 .6 .104 .  At P,~ 6, there is observed 
a dependence of thermal-conduct ivi ty  conditions on the angle of inclination. If at a =0, R=9 �9 103, at anangle 
of inclination ~ =70 ~ R = l . 3  �9 104. 
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Fig. 5 

With the appea rance  of ins tab i l i ty  of the flow, the re  is an i n c r e a s e  in fih up to a value of f lh~ 0.7-0.8 
for  a l iquid with P ~ 6, as  well  as  with l a r g e  angles  of inclination,  when the re  develops ins tab i l i ty  of the 
type of a longitudinal  r o l l e r .  

F igu re  2 c o m p a r e s  the expe r imen t a l  t e m p e r a t u r e  p ro f i l e s  with dependence (4). In a l a y e r  with ~ = 
70 ~ R=3 .1"  105, l =8.2 ram, H=160 mm,  m e a s u r e m e n t s  were  made,  at  d i f ferent  heights ,  of ttie t e m p e r -  
a tu re  p rof i l e  0 =(t-tx=o~5)/(tt-tx=o.5). They a re  des ignated  by the points :  1) z =52.5 mm; 2) z =72.5 mm; 
3) z =92.5 mm.  With ~ =  30 ~ R= 5.25-105, H= 220 ram, I =5.9 mm, the m e a s u r e m e n t s  co r respond  to the 
points :  4) z=90  mm; 5) z=100 ram; 6) z = l l 0  ram; 7) z=120 ram. The solid l ines  cor respond  to the theo-  
r e t i c a l  solut ion o f (4) for  the above condit ions.  As is evident  f rom the f igure ,  the re  is s a t i s f ac to ry  a g r e e -  
ment  between the expe r imen ta l  and theore t i ca l  t e m p e r a t u r e  p ro f i l e s  for  a l a r g e  pa r t  of the height  of the 
l a y e r ,  a t  d i f ferent  angles  of incl inat ion.  

The r a t e  of flow of the l iquid in the l a y e r  is de te rmined  by r eco rd ing  the t r a j e c t o r i e s  of the motion 
of suspended p a r t i c l e s  with a photographic  c a m e r a .  Aluminum p a r t i c l e s  with a d i a m e t e r  of 5-15 ~t a r e  put 
into the l a y e r  for  v i sua l i za t ion  of the flow. The exposure  t ime  of the c a m e r a  was pe r iod ica l ly  ca l ib ra t ed .  
The p i c tu re s  of the flow were  taken at  a d is tance  of .~ 3 l f rom the v e r t i c a l  end of the l a y e r ,  which made 
it poss ib l e  to avoid e r r o r s  due to end ef fec ts .  

F igu re  3 shows ve loc i ty  p ro f i l e s  at  d i f ferent  angles  of incl inat ion.  The  r e s u l t s  of ca lcu la t ion  using 
(3) a r e  shown by the cu rves ,  while the r e s u l t s  of expe r imen ta l  inves t iga t ions  for a l a y e r  with l =8.2 mm, 
h=19.5 a r e  shown by the points :  1 ) ~ = 3 0  ~ , R = 2 . 4 . 1 0 5 ; 2 )  ~ = 5 0  ~ , R = 2 . 4 - 1 0 5 ;  3) ~ = 7 0  ~ R=3.15 .105  . 

As is evident  f rom Fig .  3, t he re  is  good a g r e e m e n t  between the r e s u l t s  of expe r imen t  and of ca lcu-  
la t ion using fo rmula  (3). 

Exper imenta l  expe r imen t s  of na tu ra l  convection in v e r t i c a l  l a y e r s  of l iquid ((~ = 0) with a jumpwise 
change in the t e m p e r a t u r e  drop over  the height of the l a y e r  were  c a r r i e d  out in a unit cons is t ing  of th ree  
f iat  heat  exchangers ;  a s chema t i c  d i a g r a m  of the unit is  shown in Fig.  4. Each of the heat  exchangers  was 
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made of two copper plates,  so welded that between them there was 
a slit measuring 7x 60 mm 2. Thermosta ted  water  was circulated 
in the slit of the heat exchanger.  Heat exchangers  1, 2, 3 had, r e -  
spectively, the following dimensions:  27• 80x 160 mm s, 27• 80x250 
mm 3, 27• 80x 90 mm 3. Heat exchanger 3 was installed on top of heat 
exchanger 1 in such a way that they made up a single flat hea t - t r ans -  
fer  surface.  The plates were separated by a thermally insulating 
plate with a thickness of 1 ram. Thus, in a layer  of liquid closed 
at the ends, conditions were created under which the tempera ture  
of one hea t - t r ans fe r  surface was constant over the height (t2) , while 
the temperature  of the other var ied  gradually (tl, t3). The exper i -  
mental method has been descr ibed above. 

The investigations of the hydrodynamics of the flow were c a r -  
r ied out for different types of tempera ture  jumps: t 3 >t 2 >tl, t 1 >t 2 > 
t3, t2 >tl >t3, t2 > h  >tl. 

With a t empera ture  jump of the type t3>t 2 >tl, over the height of the tempera ture  jump conditions 
of stable strat if icat ion are  created and the flows are  directed in opposing directions.  In this case,  over 
the height of the tempera ture  jump there  is no convective mixing, and two mutually independent flows a re  
formed,  above and below the tempera tur  e jump. 

Figure 5a shows a picture of the flow of the liquid in the r eg ion  of a tempera ture  jump for a l ayer  
with l =5.9 mm, h+=12, R+=8.3 .104 , h_=25.5,  R_=8.104  . 

Figure 6 gives the profile of the tempera ture  0 = ( t - t2) / ( t  1 - t  2) for a layer  below a tempera ture  jump, 
and 0 + = ( t - t2) / ( t  3 -  t 2) for the upper layer;  this profile shows that the charac te r  of the tempera ture  change 
over the height of l ayers  above and below a tempera ture  jump is exactly the same as in a layer  with a con-  
stant t empera ture  difference of the hea t - t ransfer  surfaces  over the height; there is a region with a con- 
stant t empera ture  gradient  in the layers  below and above the jump; the quantity fib, calculated independently 
for the upper and lower flows, is equal to ~ 0.5. The measurements  were made in a layer  of ethyl alcohol 
with l =8 ram, h_ = 18.7, R_ = 1.9" 105, h+=8.7,  R+=2.08-105 in the c ross  section x =0.5. 

The investigations of the hydrodynamics of the flow of the liquid showed that the velocity profi les in 
the c ross  section 0.5 h+ for  the upper layer  (above the tempera ture  jump) and in the c ross  section 0.5 b_ 
for the lower layer  (below the tempera ture  jump) correspond to the solution of (3). In Fig. 3, the points 
4 show the experimental  values of the velocity in the upper part  of a layer  with l =8 mm, h+=8.7,  R+=1.95 �9 
�9 105; points 5 r e fe r  to the layer  below the jump with h_ = 18.7, R_ = 1.9.105. 

These same curves  give plots of the theoretical  profi les of the velocity (3), valid for a separate  layer  
of liquid with At =COaSt over  the height. 

As is evident f rom Fig. 3, there is good agreement  between the theoret ical  and experimental  profi les .  

As in a layer  with At = coast ,  with corresponding dimensions and R numbers ,  ce l lu lar- type flows ap-  
pear  in the upper and lower l ayers  (Fig. 5b). 

Figure 5b shows a picture of the flow at the center  of the lower par t  of a layer  with l =8 mm, h - =  
18.6, R_ =8.8 �9 105. 

Thus, with a t empera ture  distribution of the type t 3 >t 2 > t l  there are  independent flows above and 
below a tempera ture  jump. 

With the tempera ture  jump t 1 >t 2 >t  3 there are  a lso opposing flows; however,  in the cont ra ry  case t~ > 
t 2 > tl, in the region of the tempera ture  jump there exist unstable strat if icat ion conditions (Dt/0z < 0). Un- 
stable flows ar i se  at  the height of the tempera ture  jump. As can be seen in Fig. 5c, in the region of a t em-  
pera ture  jump there  are  flows s imi lar  to interwoven jets.  The photograph shows the region of a t emper -  
ature jump in a layer  with the pa ramete r s  l =5.9 ram, h- =25.5, R_=2.4.104,  h + = l l . 9 ,  R+=7.8-  104. With 
an increase in the R number,  the flow becomes ever  more  complex (Fig. 5d) and with R+=2.66 " 105 and 
there  is intense mixing at the height of the tempera ture  jump. 

Figure 5d shows the region of a tempera ture  jump with the above values of R in the upper and lower 
l ayers  and with the pa rame te r s  l =8 mm, h_ =18.7, h+=8.75. 
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With t e m p e r a t u r e  jumps of the types t 2 >t 1 >t3, t 2 > t3> t  1 there  is an overa l l  upward flow at  one s u r -  
face and a descending flow at  the other .  The p resence  of a t e m p e r a t u r e  jump mani fes t s  i tself  in the e a r l i e r  
development  of instabi l i ty of the type of a running wave.  
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